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Predictability and uncertainty in flow–structure interactions

Didier Lucor, George Em Karniadakis∗

Center for Fluid Mechanics, Division of Applied Mathematics, Brown University, 182 George Street, Providence, RI 02912, US

Received 28 February 2003; accepted 15 May 2003

Abstract

Direct numerical simulation advances in the field of flow–structure interactions are reviewed both from a determini
stochastic point of view. First, results of complex wake flows resulting from vibrating cylindrical bluff bodies in linea
exponential sheared flows are presented. On the structural side, non-linear modeling of cable structures with variable
derived and applied to the problem of a catenary riser of complex shape. Finally, a direct approach using Polynomial
modeling uncertainty associated with flow–structure interaction is also described. The method is applied to the two-dim
flow–structure interaction case of an elastically mounted cylinder with random structural parameters subject to vortex
vibrations.
 2003 Elsevier SAS. All rights reserved.
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1. Introduction

Prediction of vortex induced vibrations (VIV) has been a semi-empirical discipline until recently. Most of the m
employed in industrial applications (e.g., SHEAR7, VIVA, etc.) involve eigensolutions of the structure but the require
input (e.g., lift coefficients, added mass, correlation length, etc.) is obtained empirically.

In the mid-1990s we initiated a research program in Direct Numerical Simulation (DNS) of three-dimensional gener
structure interactions in order to fill this gap. Our main focus has been on simulating VIV for flows past cylindrical fl
structures. We started at low Reynolds number (of the order of 100 to 200) and relatively small aspect ratio (of the ord
However, today based on new algorithms and faster parallel processors we simulate VIV at Reynolds number of the
a few thousands and flexible cylinders of aspect ratio of the order of 1000. Although this range is still below the R
numbers of industrial applications, from this new range extrapolations can be made, and indeed most of the predicti
with experimental measurements quantitatively. Progress has also been made with respect to the type of structur
simulate. Our initial efforts involved linear structures but more recent work has focused on non-linear structures with
vibrations in all three direction, i.e., including the axial direction.

In this paper, we present some highlights of our work with emphasis on sheared inflow and non-linear structures.
present our new path of research that attempts to model from first principles the various uncertainties associated w
structure interaction problems. This leads to a coupled system of stochastic differential equations for the flow and the
a computationally prohibitive task at first glance. However, we present a new approach to model stochasticity that
extensions to thepolynomial chaosmethod pioneered by Norbert Wiener in the late 1930s. The generalization of this app
could lead to a new generation ofnon-sterilizedsimulations of VIV, where uncertainties in flow conditions, structural proper
and support are modeled explicitly.
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2. VIV of flexible cylinders with sheared inflow
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Following the work in [1,2] of Direct Numerical Simulations (DNS) of uniform inflow past flexible cylinders subje
Vortex Induced Vibrations (VIV), we have focused on the physics of more complex flows corresponding to a wide r
inflow conditions. In particular, we have investigated different sheared (linear or exponential) inflows past medium and lon
free flexible cylinders (aspect ratio from around 20 diameters to more than 1000 diameters). We have also investigate
inflows with large angle of yaw past free rigid cylinders to access the validity of theIndependence Principle[3].

In the simulations, we employ the parallel three-dimensional version of theNεκT αr code with a linear model for th
structure and a Fourier expansion with a 3/2 de-aliasing rule in the longitudinal cable direction. We only consider cross
motion of the structure which is described by the following equation:
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where we denote byY(z, t) the non-dimensional cross-flow displacement, that has been normalized by the cylinder diamd.
The damping fraction isζ andUr = U/f d is the reduced velocity. The mass ratio ism andf is the natural frequency of th
structure. The maximum shear inflow velocity is taken as the reference velocityU for the system. The coefficientCL is the
total lift force, i.e., including both pressure and viscous contributions. Also,c =

√
T/ρsU2 andγ =

√
EI/ρsU2d2 (whereρs

is the structural linear density) are the non-dimensional cable and beam phase velocity respectively, whereT is the tension and
EI is the bending stiffness. The lift force is obtained through the flow solver.

A boundary-fitted coordinate system is employed similar to the simulations in [4], which has been validated ag
Arbitrary Lagrangian Euler (ALE) formulation [5]. The aforementioned approach is preferred for long flexible riser
provides a very efficient way to solve for the structure. The Fourier modal decomposition of the linear structural res
very convenient in this case. Moreover, a general full three-dimensional mesh for large aspect ratio is prohibitively ex
therefore, the spanwise Fourier decomposition offers a more flexible alternative and allows for a relatively low compu
cost for solving for the flow.

Fig. 1 (right) shows an example of a linear sheared flow past a long flexible cylinder. Here the aspect ratio isL/d = 567
and the shear parameter isβ = (d/U)(∂u/∂z) = 8.82× 10−4, wherez denotes the spanwise (cylinder axis) direction,d is the
cylinder diameter, andU the span-averaged freestream velocity. We observe some vortex dislocations and vortex sp
similar to the ones obtained in [6] (see Fig. 1: left). Strong vortex dislocations can result in substantial modulation of th
on the body as it has been documented in [7].

In Fig. 2 (right), we present another example of complex flow physics successfully captured by DNS. In this c
properly resolve a vortex split that connects two vortical patterns (“2S” and “2P ”) along a rigid cylinder forced to move in th
cross-flow direction with a prescribed amplitude and frequency, see also [8]. In contrast to vortex dislocations, thishybrid mode
is periodic and repeatable with the location of the vortex split remaining stable.

Currents in the ocean are invariably highly sheared, hence the modes that can potentially be excited are many, se
calculation ofhow manyandwhich modesare excited, can affect fatigue life very significantly. Obviously, spatial resolutio
the spanwise direction becomes a critical issue for the modal prediction of the response. A sufficient number of Fouri
have to be used in this direction in order to capture the scale of the correlation length of the flow.

We present a third case that corresponds to a cylinder with very large aspect ratio (�1500) subject to anexponential shea
inflow described by an exponential distribution with long tail (see the inflow velocity profile in Fig. 3 left) where we
the spanwise numerical resolution. We test 64 complex Fourier modes (Case 0-a) and 32 Fourier modes (Case

Fig. 1. Experimental (left) vs numerical (right) results. Left: photograph of vortex dislocation atRe= 100 for stationary cylinder using dye flo
visualization (courtesy of Williamson [6]). Right: isocontours of spanwise vorticity (ωz = ±0.18) and oblique fronts in the wake of a force
vibrating flexible cylinder atRe= 100 with linear sheared inflow.
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Fig. 2. Experimental (left) vs numerical (right) results. Left: photograph of vortexsplit in the wake of a forced rigid tapered cylinder
Red̄ = 400 with uniform inflow using lead precipitation visualization (courtesy of Techet et al. [8]). Right: isocontour of pressure (p = −0.25)
in the wake of a forced rigid straight cylinder atRe�U = 400 with linear sheared inflow.

Fig. 3. Normalized inflow velocity profile (left). Time averaged power spectral density of cylinder crossflow displacement versus mode
n (right). Case 0-a: 64 Fourier modes; Case 0-b: 32 Fourier modes.

the spanwise direction. The initial conditions for Case 0-a and Case 0-b are identical. Moreover, we present the s
results over a spanwise domain of interest corresponding toL/d = 1500 which is smaller than the computational domain. T
computational domain extent isL/d = 1844 and the inflow velocity along the range which is not included in the resu
constant and equal to its minimum valueU = 0.2. The flexible beam-cable structure is pinned at both ends. The maxi
Reynolds number isRe= 1000 and thus a turbulent near-wake is developed on the side of the high inflow. For this ca
corresponding eigenspectrum is determined by:

ω2 = γ 2
(
nπ

L/d

)4
+ c2

(
nπ

L/d

)2
, (2)

wheren is the mode number. A lock-in phenomenon can occur if the structure’s natural frequency is close enoug
Strouhal frequency of the flow. An estimate of the dominant modal response can be derived from the previous formula

We obtain amixed responsefor both cases, with coexistence ofstandingandtravelingwaves. Amplitude and velocity of th
traveling waves for Case 0-b seem to cover a wider range and they fluctuate more than Case 0-a. Concerning the mod
of the structure, we see from Fig. 3 (right), that in addition to the low modes, it is mainly mode numbern = 14 for Case 0-a
andn= 13 for Case 0-b, which are excited in terms of oscillations of the structure around its mean position. In conclus
modes and low oscillation frequencies are not affected by the Fourier spanwise resolution. However, a decrease in the
resolution causes a slight shift of the high modal response as well as of the structural Strouhal frequency to lower val
could be explained by a change in the frequency and spanwise correlation of the hydrodynamical forces acting on
A coarser resolution in the spanwise direction could induce a stronger spanwise correlation of the lift forces and subs
would induce a lower oscillation frequency in time.
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the magnitude of the inflow velocity on the side of the low inflow. However, other simulations (not presented here) with
low inflow velocity but different initial conditions for the structure and for the flow did not produce any structural low m
response. In conclusion, it seems that the excitation of low modes can be sustained by the system for a long time i
present in the initial condition.

3. Flow-induced vibrations of non-linear cables

Our next objective has been to bridge the gap that exists between studies of non-linear dynamic models forgeneral type
cables and DNS of flow pastsimplestring/beam models. The former typically assumes a simplistic or empirical represen
of excitation forces but provides very accurate models for the non-linear dynamic response of the cable allowing
description of both steel cables and synthetic cables with non-linear tension-strain relationship. The latter, on the ot
assumes simple string/beam linear models but provides an accurate description of pressure and viscous forces, albeit
in the low Reynolds number regime.

To this end, we have derived appropriate governing equations for non-linear cables and have developed a new fo
for the coupled flow–structure problem, see [10]. The structure is discretized using an explicit finite difference sche
second-order accuracy in time and space while the flow is discretized using spectral/hp elements in the context of the
Lagrangian–Eulerian formulation (ALE). We have used effectively this new model to simulate large-scale industrial
such as the lazy wave steel catenary riser (LWSCR), see below and also in [11].

3.1. Governing equations for non-linear cables

For non-linear cable, all three-directions are coupled and thus oscillations are excited both along the longitudina
axis) direction as well as along the two transverse directions. We derive a unified formulation for non-linear cables in
a non-dimensional stretching parameter!.

Let us consider an infinitesimal segment of a stretched string in a “reference” position, which may not be in an equ
position. Let the arc length of the segment in this reference position be dS. We parameterize our string with respect to the
length variable in the reference position, so that at any timet , we have arc length parameters(S, t) and an infinitesimal segmen
of length ds(S, t). Let x, y andz be the two transverse and the longitudinal direction respectively, in an orthonormal coor
frame for the string, then

ds2 = dx2 + dy2 + dz2 ⇒!= ∂s

∂S
=

√(
∂x

∂S

)2
+

(
∂y

∂S

)2
+

(
∂z

∂S

)2
, (3)

where! represents the length increase or decrease with respect to the reference position.
Let the tension in the string beT (x, y, z) or T (S, t) in terms of our fundamental parameterization.T is tangential to the

string at all points, we refer to the external forces in the three coordinate directions asF = Fx|y|z and the position vecto
X = [x y z]T.

The linear density of the string ismv(s, t)-conservation of mass for the line segment demands that:

mv(s, t)ds =m0(S0)dS0 =m(S)dS. (4)

Given structural damping forces proportional to the string velocity (by a constantR), the fully non-linear equations are:

∂

∂S

(
T

!

∂X

∂S

)
+!

[
F (S, t)−R

∂X

∂t

]
=m(S)

∂2X

∂t2
. (5)

In the context of flow–structure interactions,Fx is drag,Fy is lift possibly with a gravitational body force−m(S)g, andFz is
the spanwise hydrodynamic force component.

The model for the tension derived for Poisson’s ratioP = 1/2 can be written as:

T (s, t)= T (S)+EA(S)

(
1− 1

!

)
= Tr +EAr

(
1− 1

!

)
, (6)

whereT (s, t) is expressed in terms of the tension in the reference positionT (S) and of a stretching termEA(S)(1 − 1/!).
When the reference position is that of a straight stretched (uniform in radius) string, we can rewrite the equation (see
of Eq. (6)) where both the tension in the reference positionTr =EArε and the cross-sectional area in the reference positioAr

are constant.
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Fig. 4. Left: LWSCR static configuration schematic (sag-bend part with enlarged body diameter). Right: distribution of tension a
LWSCR sag-bend part at different times.

For the case ofP = 0, the model for the tension takes the form:

T (s, t)=EA0
(
!

(
ε(S)+ 1

) − 1
) =!

[
Tr +EAr

(
1− 1

!

)]
, (7)

where the last equality in the above equation is valid in the case of a reference position being a straight stretched s
uniform radius. It is worth mentioning that the presence or not of the incompressibility assumption leads to two different
for the tension, i.e., Eqs. (6) and (7) and a dependence of a different nature on the non-linear parameter!. This is relevant given
that the assumption that changes in cross-sectional area are negligible is not that uncommon.

Details of the Arbitrary Lagrangian Eulerian (ALE) formulation that we use to solve for the flow in a moving domain
moving boundaries can be found in [12,5].

3.2. Flow induced vibration of a lazy wave riser

We consider a problem involving a riser of complex shape, which is immersed in quiescent flow. Specifically, we s
the sag-bend response of the so-called lazy wave steel catenary riser (LWSCR) subject to a tangential forced mot
end. The objective is to determine if the LWSCR in the absence of ocean current will experience intermittent flow-
vibrations, and whether the resulting hydro-elastic excitation consists of a standing or a traveling wave response.

Fig. 4 (left) provides a 3D schematic of the lower part of the LWSCR static configuration with its buoyant sleev
structural model that we use accounts for time- and space-dependent tension in the structure. It also accounts for vari
density of the structure. We use the tension model corresponding to Poisson ratioP = 1/2 (see Eq. (6)) and the tension
the structure in the reference position is taken constant, and thus we haveT (S) = T0. The reference position is, in this cas
a straight stretched cable with constant tension. However, the code has the capability to treat a case with variable
tensionT (S).

Fig. 4 (right) shows thevariable tensionin the structure. The plot shows six different configurations (corresponding t
different instants of time) and the corresponding magnitude of the tension is superimposed on the structure shape. Th
of tension, which is substantial, is larger in time than in space.

4. Modeling uncertainty

For flow–structure interactions the interest on stochastic modeling so far has primarily been on the dynamics of
systems, i.e., single- or two-degree-of-freedom second-order oscillators. The effect of the flow has been modele
interaction source term as either white noise or as a Gaussian distribution. However, non-Gaussian distribution behav
response has been documented in experiments. Here, we apply Wiener–Askey Polynomial Chaos method to solve
coupled Navier–Stokes/structure system such as cylinders with random properties/boundary conditions subject to VIV

The Wiener–Askey Polynomial Chaos expansion is a generalization of the original Polynomial Chaos. It is well s
represent second-order random processes in terms of orthogonal polynomials. The expansion basisΨj (ξ (θ)) is the complete
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polynomial basis from the Askey-scheme [13]. Using this type of representation, a general second-order random process takes

les
plete
xpansion

sult of
from the
ns.

onditions

e random
hogonality
random

random
ime. The
omputed
ewmark

ree
oundary
becomes
pressure

proach
blem to a
elf and is
the form:

u(x, t; θ)=
P∑
j=0

ûj (x, t)Ψj
(
ξ(θ)

)
with P = (n+ p)!

n!p! − 1, (8)

where we typically truncate the series up toP + 1 terms and wheren is the number of random dimensions andp is the
highest polynomial order of the Polynomial Chaos expansion. The vectorξ (θ) is the vector of independent random variab
ξi , functions of the independent random variableθ . Since each type of polynomials from the Askey-scheme forms a com
basis in the Hilbert space determined by their corresponding support, we can expect each type of Wiener–Askey e
to converge to anyL2 functional in theL2 sense in the corresponding Hilbert functional space as a generalized re
Cameron–Martin theorem. The numerical procedure can be greatly simplified as most of the orthogonal polynomials
Askey-scheme have weighting functions that take the form of probability function of certain types of random distributio

4.1. Incompressible Navier–Stokes equations

We consider incompressible flow which can behave randomly subject to the randomness imposed by boundary c
or random forcing:

∇ · u = 0, (9)

∂u
∂t

+ u · ∇u = −∇Π + Re−1∇2u. (10)

We expand the velocity and pressure in terms of the Polynomial Chaos expansion (see Eq. (8)), i.e.,

u(x, t, θ)=
P∑
i=0

ui (x, t)Ψi
(
ξ(θ)

)
, (11)

Π(x, t; θ)=
P∑
i=0

Πi(x, t)Ψi
(
ξ (θ)

)
. (12)

We then substitute into the Navier–Stokes equations, and subsequently we project the obtained equations onto th
space spanned by the polynomial chaos basis. That is, we take the inner product with each basis and use the ort
condition to simplify the equations. We obtain a discrete set of deterministic equations for the random modes. The
modes are only coupled through the convective terms.

4.2. Application to flow–structure interactions

We consider the two-dimensional flow–structure interaction case of an elastically mounted circular cylinder with
structural parameters, subject to vortex-induced vibrations. We study the case of an unsteady flow in the laminar reg
flow is computed using the procedure outlined above while the structural response (Eq. (13)) of the moving cylinder is c
using a very similar procedure described in [14]. For the temporal discretization we use the implicit second-order N
scheme [14] for the equation

η̈(t, θ)+ c(θ)η̇(t, θ)+ k(θ)η(t, θ)= F (t, θ), η(0)= η0 andη̇(0)= η̇0. (13)

We assume that the damping coefficientc(θ) and the spring factork(θ) of the structure are both random variables. The f
structure is excited by the vortex shedding of the flow and it follows a random response. Therefore, the position of the b
of the cylinder becomes stochastic. This random boundary affects the flow domain, and consequently the flow itself
a stochastic process. The fluid forces on the cylinder are derived from the random flow velocity field and the random
field at every time step. To simplify the solution of the flow equations, we consider the initial coordinate system(x′, y′, t ′) and a
coordinate system(x, y, t) attached to the moving cylinder. The stochastic flow equations are solved using a mapping ap
based on the original deterministic mapping developed in [4]. This process maps the time-dependent and moving pro
stationary and non-deforming one. Since the mapping involves the random cylinder velocity, it is a random process its
also represented by a polynomial chaos expansion.
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4.3. Numerical results

:
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The Reynolds number isRe= 100, and the random parameters for the structure (see Eq. (13)) take the following form

c = c̄ + σcξ1(θ),

k = k̄ + σkξ2(θ),
(14)

whereξ1 andξ2 are two independent random variables with zero mean, andσc andσk are the standard deviations ofc andk.
We set(c̄, σc) = (0.1,0.01), (k̄, σk) = (1.0,0.2) while the initial conditionsη0 and η̇0 are set to 0. We note that there

a non-zero probability that the oscillator has a natural frequencyω0 = √
k matching the vortex shedding frequency of a fix

Fig. 5. Instantaneous spatial distribution ofrms(gray scale) andmean(white line) of vorticity.

Fig. 6. Polar plots of pressure distribution on the cylinder surface relative to the cylindermeancross-flow position at different times within on
shedding cycle. Deterministic pressure solution (dashed line); stochastic pressure solution (solid line and shaded area).



48 D. Lucor, G.E. Karniadakis / European Journal of Mechanics B/Fluids 23 (2004) 41–49

cylinder at this Reynolds number. Also, the system has two random dimensions (n = 2), and we use third-order Polynomial
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Chaos expansion (p = 3), which corresponds to a 10-term chaos expansion (i.e.,P + 1 = 10).
Meanandvariancesolution for the cross-flow displacement and lift and drag coefficients are obtained using this m

Fig. 5 shows instantaneous flood countours (gray scale) and countour lines (white color) ofrmsandmeanof the vorticity field
at t = 600 (non-dimensional time units, corresponding to more than 100 shedding cycles from the beginning of the sim
Regions of the flow domain with high uncertainty are the shear layers and the near-wake of the cylinder, which are o
the regions of utmost physical interest!

Fig. 6 presents the pressure distribution on the cylinder surface at four instants of time within one shedding cycle of pT .
Each plot shows an instantaneous polar view of the pressure distribution on the cylinder surface as well as the mean
position of the cylindery/d at the corresponding time. The cylinder is represented by a black disk. The flow orienta
from left to right in each plot (angleθ = 180◦ : front stagnation point andθ = 0◦: rear stagnation point). The determinis
pressure solution is represented by a dashed line while the stochastic solution is represented by a solid line (mea
solution) and a shaded area (‘error−bar’ region of the pressure solution). This region is centered around the mean curv
its span is two standard deviations (i.e., onestd above and onestd below the mean value). Both deterministic and stocha
pressure solutions take positive values around the front stagnation point. Noticeable differences exist between stoc
deterministic solutions. In particular, temporal as well as spatial changes in the pressure variance (or ‘error−bar’ region) can
be seen. However, the deterministic signal remains, most of the time, inside the envelope of the stochastic solution.

5. Conclusion

In this paper, we reviewed some of the main results and developments that we obtained using DNS as a tool
predictions. We also presented a new path of research that addresses the issue of uncertainty in flow–structure
problems. We have addressed the effects of linear and exponential sheared flows in the context of VIV of long flexible c
The ability of spectral DNS to accurately capture the resulting complex wake flows was demonstrated based on com
with experimental results.

We have developed algorithms for non-linear cables with variable tension. Specifically, we developed a unified form
for non-linear cables in terms of a stretching parameter! for incompressible materials and area-preserving materials.
formulation was applied to the case of the flow induced by the motion of a very long and highly deformed riser in th
subject to a harmonic force at one of its ends.

We have also discussed the construction of error bars in CFD that reflect physical input uncertainty and its propa
simulations. To this end, we used the Wiener–Hermite polynomial functionals that we applied to the two-dimension
structure interaction case of an elastically mounted cylinder with uncertain structural properties. Representative res
that for flow–structure simulations, it is possible to quantify uncertainty bothin timeandin spaceefficiently.
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